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Abstract 

We introduce the Milnor type if-group attached to some algebraic 
groups including Witt groups over a perfect field as an extension of 
Somekawa's K- group. We give a description of this if- group associ- 
ated to the additive group and the multiplicative group by the space 
of the absolute Kahler differentials, and relate also our Somekawa K- 
group for the additive group and the Jacobian variety of a curve with 
a complex determined by the residue maps and the trace maps. The 
same arguments work for the Mackey product of the additive higher 
Chow group and the higher Chow group for a scheme. This gives 
vanishing results of additive Chow groups on zero-cycles. 



1 Introduction 

S. Bloch and H. Esnault in [6] introduced the additive higher Chow groups 
TCH p (A;,g) = TCH p (/c,g; 1) for a field k. as an attempt at a cycle-theoretic 
description of the motivic cohomology theory of a non-reduced scheme. They 
showed that this additive Chow group is isomorphic to the space of the 
absolute Kahler differentials of k when q = p as TCH 9 (k,q) ~ ^fc" 1 (see 
Thm. 5.3 for more general results allowing modulus given by K. Riilling [19]). 
This theorem is an analogue of the theorem of Nesterenko-Suslin/Totaro 
CH q (k,q) ~ K^(k), where CH 9 (k,p) is the higher Chow group and K*f{k) 
is the Milnor if-group. One of the reasons that the space of the Kahler 
differentials appeared can be found in the calculation of K 2 (k[t}/ (t 2 )) (cf. [6], 
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Sect. 2). The aim of this note is to make this analogy 



clear by extending Somekawa's .fT-group [23]. More precisely, Let W m be the 
big Witt group of length m and Gi, . . . ,G q split semi-abelian varieties over 
a perfect field k. Here, a split semi-abelian variety is a product of an abelian 
variety and a torus. We introduce a group called also the Somekawa K- group 
by 

K(k;W m ,Gt,...,G q ) := I W m (E)®G 1 (E)®---®G q (E) j /R 

\E/k: finite / 

where R is the subgroup which produces "the projection formula" and "the 
Weil reciprocity law" as in the Milnor .ff -theory (Def. 3.3). Under the as- 
sumption that the field k is perfect, we realize that the residue map 

d P : n\ {c) k(P) 

for the function field k{C) of a curve C over k can take its value not in 
k but in the residue field k(P) at a closed point P of C as the boundary 
map on the Milnor K-group dp : K 2 (k(C)) — >• k(P) x does. This fact leads 
to a condition like the Weil reciprocity law exactly by the same way as 
in Somekawa's original i^-groups. However, the projection formula above 
implies that our Somekawa .fT-group becomes trivial when k has positive 
characteristic and q > 1 (Lem. 3.5). Thus our main interest here is on the 
case of characteristic 0. For G a = Wi the additive group and Gi = G m the 
multiplicative groups for % > 1, this group has the following description: 

Theorem 1.1 (Thm. 3.6). As k-vector spaces, we have 

A, 

This isomorphism should be compared to Somekawa's theorem ([23], Thm. 
1.4) 

Q 
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Taking G a and the Jacobian variety Jx of a projective smooth curve X 
over k, we relate the if-group K(k;G a , Jx) and the complex defined by the 
residue maps and the trace maps 

where X is the set of closed points in X, d := (Bp dp and Tr := J2p r ^ T k{P)/k- 
The fact that the sequence above becomes a complex is just the so-called 
residue formula (Thm. 2.6). The Somekawa K group associated to G a and 
the Jacobian of X is written by this complex as follows: 

Theorem 1.2 (Thm. 4.5). We assume that X has a k -rational point. Then 
there is a canonical isomorphism 

K{k- G a , J x ) ^ Ker(Tr)/ Im(<9). 

From the analogy we are pursuing, the right in this theorem: the homology 
group Ker(Tr) / Im(<9) of the above complex is an additive version of the group 
V(X) defined by Bloch which is used in the proof of the higher dimensional 
class field theory [4], [20]. 

In terms of algebraic cycles, the big Witt group W m and the multiplicative 
group G m are isomorphic to the additive Chow group TC'H 1 (k, 1; m) and the 
higher Chow group C'H 1 (k, 1) of the field k respectively as Mackey functors 
(we recall the definition in Section 3). Here CH a (X,b) and TCH a (X ', b; m) 
are the Mackey functors associated to the higher Chow group CH a (X, b) and 
the additive higher Chow group with modulus TCH a (X, b;m) for a scheme 
X over k. (The Mackey functors CH a (Spec k, b) and TCH a (Spec k, b; m) 
are abbreviated as C / H 1 {k,b) and TCH a (k,b;m) respectively in the case of 
X = Spec k.) The isomorphisms W m ~ TCH\k, 1; m) and G m ~ C%\k, 1) 
as Mackey functors are also compatible with their local symbols. Thus we 
have an isomorphism 

K(k; W m , G m , . . . , G m ) ~ K(k- TCU\k, 1; m),CU\k, 1), . . . , CU\k, 1)) 

and one can regard the Somekawa i^-group as the group associated to the 
Mackey functors TC / H l {k,l]m) and C / H 1 {k,l). In [18], Raskind and Spiess 
introduced the Milnor i^-theory for the higher Chow groups of schemes 

K(k;CH ai (X 1 ,b 1 ), . . . ,CH aq (X q ,b q )) 
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by the similar way to the Somekawa i^-group. The key ingredient to define 
the above group are the projection formula of the intersection product on 
higher Chow groups and some reciprocity law formulated by the connecting 
homomorphism of a localization sequence (see [18], Rem. 2.4.2). In order to 
study the Chow group of 0-cycles on the product of schemes, they showed 
the following isomorphism: 

K(k; CTi dl+bl (X 1 , 61), ... , CH dq+bq (X g , b q )) -=->■ CE S+ ^(X 1 x---xX q ,(3), 

where = £\ bi and 5 = Y^i^i- However, the localization property is not 
known on the additive Chow groups due to the lack of homotopy invariance. 
We only consider the Mackey product 

M MM 

rcn a (x,b;m) 0cn ai (x 1 ,b 1 ) ® ••• <g> cn a "(x g ,b q ){k) 

which is defined by factoring out a relation concerning the projection formula 
only. For the moment we only present the following surjectivity on 0-cycles. 

Theorem 1.3 (Thm. 5.4). For projective smooth varieties X and Xi over k 
of d and di dimension respectively, there is a canonical surjection 

TCU d+b (X, b; m) I C'H d ' +bl (X 1 , bi) ® ■ ■ ■ ® CU d ^{X q , b q ){k) 
— » TCH 5+/J (A" x Xt x • ■ ■ x X q , /?; m), 

where f3 = b + bi and 5 := d + ^ di. 

As byproducts we obtain vanishing results TCH d+9 (X, q; m) = for q > 2 if 
the base field k is perfect and has positive characteristic. This is an additive 
version of Akhtar's theorem on the higher Chow groups CR d+q (X,q) = 0for 
q > 2 over a finite field k (cf. Thm. 5.2). 

Now we give an outline of this paper. In Section 2, we recall some prop- 
erties of the generalized Witt group for a field k written as Ws(k) which is 
a generalization of both of the ordinary Witt group and the big Witt group 
following [9], Section 1. We also recall the generalized de Rham-Witt com- 
plex Ws^l following [9], a generalization of Illusie's de Rham-Witt complex 
[11]. After introducing Riilling's trace maps and residue maps on the gener- 
alized de Rham-Witt complex ([19]) we define the residue map (in our sense) 
dp : ^h ) —> k(P) as noted above under the assumption that the base field 
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k is perfect (1). Some functorial properties which we will need in the sequel 
are also given (Lem. 2.8, Lem. 2.9). 

In Section 3, first we recall the definition and some properties of Mackey 
functors. Combining Somekawa's local symbol and the residue map, we in- 
troduce the Somekawa K-group of the form K(k; Wg, G\, . . . ,G q ) for split 
semi-abelian varieties Gi, . . . , G q over a perfect field k as a quotient of the 

M M M 

Mackey products Ws <g) Gi <g) • • • ® G q (k) (Def. 2.10). Finally, we will show 
that this group, in particular, has the following descriptions: 

K(k; W s ) ^ W s (k) (Lem. 3.4), 

K(k; W s , Gi, . . . , G q ) = 0, if char(» > 2, q > 1 (Lem. 3.5), 
K(k; G a , G m , . . . , G m ) fijjT (Thm. 3.6). 

In Section 4, we study the additive counterpart of Section 2 in [23]. First 
the Somekawa K-groups will be extended following Akhtar [2]. Precisely, we 
introduce the Milnor type i^-group allowing the Chow group of 0-cycles as 
its coefficients such as K(k; Ws, G\, . . . , G q , CH (X)) for a variety X over k 
(Def. 4.1). Using this group, we will show that 

K(k; W s , C"Ho(Spec k)) W s (k) (Lem. 4.3 (i)), 

K(k;W s ,CH (X)) ^ W s (k), if dim(X) = 1 and char(A;) > 2 (Lem. 4.3 (ii)), 

K(k; G„, CHo(X)) ^ Coker I d : n l k[x) -> k{P) J (Thm. 4.5). 

V Pex J 

Section 5 is devoted to studying the analogy using additive higher Chow 
groups. We briefly recall the cubical construction of the higher Chow groups 
and the additive higher Chow groups of schemes following [14] and show the 
intersection product gives the surjection from the Mackey products to the 
additive Chow groups on the level of the 0-cycles as stated above (Thm. 
5.4). 

Recently F. Ivorra and K. Rulling in [12] give the Somekawa-type i^-group 
for more general Mackey functors than ours named the reciprocity functors 
including algebraic groups with unipotent part over a field which is finitely 
generated over a perfect field. They show also the similar computations with 
Theorem 1.1. However our proof is more elementary like Somekawa's original 
proof thus we think that it is indispensable to leave the theorem be in this 
paper. 
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2 Witt groups and local symbol 

A subset S C N of the set of positive integers N := Z>o is called a truncation 
set if S 7^ and if for any n G S, all its divisors are in S. The generalized Witt 
ring Ws(A) is defined to be A s as a set whose ring structure is determined 
by the condition that the ghost map 



defined by (a s ) se s H- (w s ) se s where w s := J2 d \ s da s J , is a natural transfor- 
mation of functors of rings ([9], Sect. 1). We denote by [— ] : A — > Ws(A) 
the Teichmiiller map defined by [a] := (a, 0, 0, . . .). Here, we give some ele- 
mentary properties of the Witt rings. 

Lemma 2.1. (i) The Teichmiiller map is multiplicative, that is, [ab] = [a][b] 
for any a,b G A. The unit and zero in Ws{A) are [1] and [0] respectively. 

(ii) Any ring homomorphism <fi : A — >■ B induces the ring homomorphism 
Ws(A) — y Ws(.B) defined by (a s ) s€ s ^ (4 ) ( a s))s€S- If 4> ^ s surjective (resp. 
injective), then the same holds on Witt rings. 

(iii) For two truncation sets T C S , the restriction map W${A) — y Wt{A) 
defined by (a s ) se s ^ (a s )seT is surjective. 

For each n G N, S/n := {d G N | nd G S} is a truncation set. The Frobenius 
and Verschiebung 



gh : W S (A) -> A 



F n : W S (A) -> W s/n (A), V n : W s/n (A) ^ W S (A) 
are defined by the rules gh s o F n = gh sn and 




respectively. It is known that the following properties hold. 
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Lemma 2.2. (i) Fi = Id, F m oF n = F mn and V x = Id, V m oV n = V mn , where 
Id is the identity map. 

iii) Forw = (w s ) s£S eW s (A), 

(iii) (m, n) = 1, then F m o V n = V n o F m . 

(iv) F n oV n = n. 

(v) F m oV n ([a}) = (m,n)K/(m,n)([a] m/(m ' n) ) for a G A. 

(vi) V n ([a])V r ([b}) = (n,r)K r /( B , r) ([o] r /M[6] B /W) /or a,b £ A. 

(vii) [a]KO) = K(H n w) foraeA and w G W S (A). 

In particular, we define W m (A) := Wn s 2 m \(A) called the big Witt ring 
of length m. When we fix an odd prime p, W m (A) : = W/i )P) ... )P m-ii(A) is the 
ordinary Witt ring (e.g., [21], Chap. II, Sect. 6). 

Let p be an odd prime or 0. For a Z( p )-algebra A and a truncation set 
S, the de Rham-Witt complex W^f^ is a differential graded algebra over A 
which generalizes the de Rham complex Q* A and comes equipped with the 
Verschiebung V n : W s/n fi^ -> W 5 fi^ and the Frobenius F„ : W 5 fi^ ->■ 
W5/ n f2^ for each n > 0. The construction of Wgfi^ and some properties are 
given in [10] and [11]. If S is finite, there is a surjective map of differential 
graded ring ^w s (A)/z ~~ ^s^^ and the map becomes bijective when S = {1} 
or in degree 0, namely, W{i}f2^ ~ Q'a/z * s the absolute de Rham complex 
and WsH^ ~ Wg(A) is the Witt ring. Now we fix a field k of characteristic 
p and recall some properties of the de Rham-Witt complex over the field k. 
The following propositions play important roles in this note. 

Proposition 2.3 ([9], Sect. 1.2, [19], Prop. 1.19). (i) Set P := {l,p,p 2 , . . .} 
and for a differential graded algebra (Q, d) and a positive integer j we denote 
^(j 1 ) := (^? J -1 ^)- F° r a truncation set S, 

w 5 n; ^ II wra/ACr 1 )- 

jeN, (j,p)=i 

(ii) For a finite separable field extension E/k, there is an isomorphism of 
W s (E)-modules W S (E) ® Ws (fc) W s fi£ ^ W 5 fi| for all q. 
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From the isomorphism Ws(E) ®w s (fc) W^f^ — Wgfi|, the trace map 
TiE/k '■ Ws{E) — > Ws(fc) on the Witt groups is extended to the de Rham- 
Witt complexes: 

Theorem 2.4 ([19], Thm. 2.6). Let E/k be a finite field extension. Then 
there is a map of differential graded W -modules 

Tr E/k = Tr E/k : W s {l E W s Q' k 

satisfying the following properties: 

(a) Tr° E/k : W S (E) ->■ W s (fc) £/ie trace map on Witt rings and the trace 
map is coincides with the one on the de Rham complex Tr E / k '■ Q' E ~~ ^* 
([16])ifS={\}. 

(b) If E/k is a separable extension, then we identify Ws{E)®WsQ q k — W^Og 
and the map Tr^ fc is given by Tr^ fc (gild, where Id is the identity map. 

(c) For finite field extensions k C E\ C E2, we have Tr E2 / k = Ti El / k o Tr E2 / El . 

(d) TTie trace map commutes with V n , F n and restriction maps. 

The classical residue map &h( t \\ —> k for the field of Laurent series k([t]) 
over a field k ([22], Chap. II, Sect. 11; [16], Sect. 17) is also extended to the 
de Rham- Witt complexes. 

Proposition 2.5 ([19], Prop. 2.12). Let k be a field and S a finite trunca- 
tion set. There is a map Res = Res* : WgfijL^ — > W^f^ -1 satisfying the 
following properties: 

(a) Res q t {au) = aRes q t ~\u) for a G W s fi l fc and u G W s ftjg r 

(b) Res is a natural transformation with respect to k. 

(c) Res commutes with d, V n , F n and restriction. 

(d) If u E {k\t\) x and r = tu, then Rest = Res T . 

(e) Res(w) = for uj G W<jfi* or u G W s ft q k[1/t] ■ 

(f) If uj G W s n^j, i/ien Res(w dlog[t]) = w(0), w/iere [i] := (t, 0, . . . , 0) 
£/ie Teichmuller lift of t, dlog[£] = and lo(0) is the image of uj by the 
natural map Wsfij^J — >■ Wsf^ -1 . 

(g) For a,b G fc and z, j G Z, 
Res(K(K'])^ m (K])) = 

sgn(z)(z, j)Knn/ (m ,n)(N m/(m ' n) [&] n/Cm ' n) ), »/ j™ + in = and i ^ 
0, otherwise, 
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where sgn(z) = 

From now on, we assume that the field k is perfect of characteristic p, 
where p is an odd prime or 0. For a projective smooth curve C over k, let 
K = k{C) be the function field of C. For each closed point P of C, let Kp be 
the fraction field of the completion Oc,p of Oc,p by the normalized valuation 
vp and k(P) the residue field of Kp. From the assumption on k, the complete 
discrete valuation field K P is canonically isomorphic to fc(P) ((£)). This gives 
us the residue map 

(i) dp = o P : w s n q K w 5 nk P R 4 ? 

whose target is Wsfi'jpj not WgfiJ. By the above proposition, dp is inde- 
pendent on the choice of t. The ordinary residue map in [19] (and also [16]) is 
the composition Resp := Trypyj- o dp and it is known the following theorem. 

Theorem 2.6 (Trace formula, [19], Thm. 2.19). Let k be a perfect field and 
S a finite truncation set. The residue map dp : Ws^ 9 Kp — > W^fi^pj satisfies 



^ Tr fe( p)/ fc od P {u) = 



p&c 



for any u G Wsfl 



More precisely, the residue map is calculated as follows: The de Rham-Witt 
complex Ws^Kp decomposes into the p-typical de Rham-Witt complexes 
W m Q q Kp := ^{i,p,..., P m - 1 }^K P (P ro P- 2.3). Hence it is enough to consider 
the case of the p-typical de Rham-Witt complex W m Q q Kp . Any element u G 
W m fl q Kp can be written uniquely as 

(2) u = 5>o,i[*P + boAtr'dit] + VS Mm + dV s (b s>j [tY). 

jez jez^pz, i<s<m 

for some a iyj G W m -iQ q k{p) , b id G W m -fl q k ^ p) {a^ = b id = for j « 0) and 
here V s := V p * : W m - s VL q Kp -»■ W m fi^ p is the Verschiebung ([19], Lem. 2.9, 
see also Rem. 2.10). In this case, the residue map is given by dp{uS) := &o,o- 

Definition 2.7. (i) For Any element uj G W m Q q Kp written as in (2), the 
valuation of u at P is defined by 



VplU 



min{j I b ,j ^ 0} - 1, if to ^ 0, 
00, if u; = 0. 
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In particular, dp(u) = if vp(u>) > 0. 

(ii) The natural inclusion K y Kp gives the local symbol 

dp : W S (K) <g> K x -y W s (k(P))\ w®f^ d P (wd\og[f}) 

where dlog[/] := d [/]/[/]. The image of w <g> / G W S {K) <g> K x by the local 
symbol map is denoted by dp(w,f) := 9p(wdlog[/]). This is essentially 
Witt's residue symbol (cf. [19], Rem. 2.13). 

Note that the local symbol dp satisfies the conditions of Serre's local 
symbol ([22], Chap. 3, Sect. 1). In particular, we have 

(3) dp(w,f)=v P (f)w(P) 

if w is in Ws(Oc,p), where w(P) is the image of w by the canonical map 
Ws(C?c,p) —> Ws{k(P)). In terms of the Milnor .ff -groups, the valuation 
map Vp is the boundary map dp : K\(K) —y Ko(k(P)). More generally, the 
boundary map d P : K™(K) -> K^k^P)) on the Milnor ^-groups ([3], 

Prop. 4.3) and the residue map dp : Ws& q K — > WsH^' 1 are compatible in 
the following sense: For some field F, we denote the image of X\ ® ■ ■ ■ (8) x q G 
F x <g> ■ ■ • ® F x in K™(F) by {xi, . . . , x q ] as usual. For q > 0, define 

dlog : Kg 4 (F) W s n F 

by {xi, . . . , x q } i — ^ dlog [xi] •• -dlog [x g ]. When g = 0, dlog : Z W S (F) 
is the canonical map. The equation (3) leads to the following commutative 
diagram. 

Lemma 2.8. Let C be a projective smooth curve over k and P a closed point 
of C . Then the following diagram is commutative: 

K?(k(c)) dlog : W s g% (c) 



dp 



dp 



Proof. From the equality (3), we may assume q > 1. By considering the 
completion k(C)p at P, it is enough to show that the following diagram is 
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commutative 



Kf{K) 



dlog 



w s n q K 



Rcs q t 



dlog 



for a local field K 



k((t)). It is known that the Milnor if -group Kf[K) 



is generated by symbols of the form {m, . . . , it 3 _i, /} with VK{uj) = for 
all % and / G K x . For an element {u±, . . . , u q -i, /} of this form, we have 
6>({iti, ...,u g _i,/}) = v K (f){ui, . . . ,u q -i} mK^k), where Ui is the image 
of Ui in k x ([3], Prop. 4.5). On the other hand, write / = ut VK ^> with 

Res t o dlog({ui, . . . , u ff _i, /}) = Res t (dlog[ui] • • • dlog[tt g _i] dlog[u]) 

+ ^(/)Res t (dlog[«i] • • ■ dlog[u g _i] dlog[t]) 

- v K (f) dlog[wi] • • • dlog[w 3 _i]. 
Here, the last equality (*) follows from Proposition 2.5 (e) and (f) 



□ 



Lemma 2.9. Let C —> C be a dominant morphism of smooth projective 
curves over k. For any closed point P' in C , we denote by the point P 
in C defined by the image of P' . Then, we have the following commutative 
diagram 

w 5 nj (O0 — ^WsWFO) 

e(P'/P) 

w s nl {c) —^w s (k(P)), 

where the left vertical map is the natural map and the right one is the map 
multiplication by the ramification index e(P'/P) at P' over P. 

Proof. By considering the completions k(C)p and k(C')p>, it is enough to 
show, for a finite extension K' / K of local fields with residue field extension 

fc'/Jfc, 

w s n l K , 8k ' .- w s (fc') 



■Ws(fc), 
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where Ok and 8k 1 are residue maps and e is the ramification index of K' / K. 
The de Rham-Witt complex WjO^ decomposes into the p-typical de Rham- 
Witt complexes W^f^ and considering the restriction maps it is enough to 
show the equality 

(4) d K ,(u) = ed K (u) 

for u G WmQ^. First we assume that K'/K is unramified. If we fix a 
uniformizer t of K, then K' ~ k'([tj) and K ~ k((t)). Since the residue 
map is natural (Prop. 2.5), we have <9r-'(w) = 9k (u) G W m (A; / ) for any 
G iy m fiJeJ Next we consider the case of the extension K'/K is totally 
ramified, then let if be a uniformizer of K' . Now t = (t') e is a uniformizer of 
.ft". From (2), any element u G iy m f2^ is written of the form 

w = E a °.;M j + M*rM*l + E ^ S K;[*F) + ^'(Mtf) 

l<s<m 

= E a °^ ej + M^'MCO 6 ] + E ^ S K#P) + ^u,#P) 

jez jeZ\pZ, 

l<s<m 

= E°0-iM ej + eV#P-M*'] + E + dV s (b s>j [tr j ). 

jez ieZxpZ, 

l<s<m 

Therefore 8k'(oj) = e& ,o = edx(u) (Prop. 2.5 (g)). Finally, for arbitrary 
finite extension K'/K, let K ur be the maximal unramified subextension of 
K' over K. Then the required equality (4) follows from 

for any u G W m Q} R . □ 



3 Somekawa K- groups 



A Mackey functor A is a co- and contravariant functor from the category of 
etale schemes over a perfect field k to the category of abelian groups such 
that A(X X U X 2 ) = A{X X ) © A(X 2 ) and if 
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is a Cartesian diagram, then the induced diagram 

A(X') 9 '* * A{X) 

r 

A(Y') y -^^A(Y) 

commutes. It is uniquely determined by its value A(E) := A(Spec(E)) on 
finite field extensions over k. A typical example we mainly used here is the 
one which arises from a G^-module A defined by E H- A Ge = H°(Ge,A) 
for a finite extension field E over k with norm and restriction maps, where 
Gk '■= Gal(A;/fc) is the absolute Galois group of the field k. 

M 

Definition 3.1. For Mackey functors Ax, ... , A q , their Mackey product A\ <g> 

M 

■ ■ ■ (g) A g (k) is defined by the quotient 

M Af / \ 

A x ® • ■ • <g A ? (A;) := <g> • ■ ■ ® A 9 (£) /i?, 

\E/k: finite / 

where i? is the subgroup generated by elements of the following form: 

(PF) For any finite field extensions k C E\ C £2, and if Xj G A^iE^) and 
Xj G Ai(i?i) for i 7^ z , then 

<g> • • • <g) Xj <g> • • • ® j*(x q ) - Xi <g> • • • <g> j*{x io ) <g> • • • <g> X g , 

where j : Spec^-E^) — >■ Spec(Ei) is the canonical map. 

This product gives a tensor product in the abelian category of the Mackey 

M 

functors with unit Z : E 1— > Z. Note also that the product — (g A is right 
exact for any Mackey functor A. We write {x±, . . . ,x q }E/k for the image of 
X\ <g) • • • <g x q G A 1 (£') (g) • • • Cg> A g (_E) in the product. In particular, for any 
field extension k'/k and the canonical map j = jk'/k ■ k k r , the pull-back 

MM MM 

Resfeyfe := j* : A x <g ■ ■ • <g A q (k) — > A x (g ■ ■ ■ (g A,(fc') 

is called the restriction map. We recall here the construction of the restriction 
KeSk'/k- For any finite extension E/k, we have E ®^ fc' = ffi" =1 Aj where 
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is an Artinian algebra of dimension e$ over the residue filed Ei. Denoting 
ji '■ = ]Ei/E : E <^-> Ei, the restriction map is 



n 



Res fc / /fc ({xi, ...,x q 



}E/k) ■= ^ei{j'*Oi), . . .,j*(x q )} Ei /k'- 



i=l 



If the extension k'/ k is finite, then the push-forward 

MM MM 

N k > /k := j* : A 1 ® • • ■ <g) — ► Ai O • ■ ■ <g> 

is given by N k > /k {{x!, . . . ,x q } E < /v) = {xi, ■ ■ ■ ,x q } E > /k on symbols and is 
called the norm map. 

An algebraic group G over k forms a Mackey functor. For a field extension 
E2/E1, the pull-back is the canonical map given by j ; E\ <—} E 2 which is 
denoted by j* = Res P2 / Pl : G{E\) G(E 2 ). For simplicity, we identify the 
elements in G(Ei) with its image in G(E 2 ) and the restriction map Resp 2 / Pl 
will be sometimes omitted. If the extension E 2 fE\ is finite, the push-forward 
is written as = N E2 / El '■ G(E 2 ) — > G(Ei) and is referred to as the norm 
map. Let G be a semi-abelian variety over k. For the function field K = k(C) 
of a proper smooth curve C over k, the local symbol map dp : G(Kp)®Kp — > 
G(k(P)) is defined in [23] by modifying Serre's local symbol map. Denoting 



by d P (gJ) := d P (g ® /) G G(fc(P)) it satisfies <9 P (#,/) = v P (f)g(P) if 



(7 G G(C?c lP ), where g(-P) is the image of g in G(k(P)). As a special case, 
for the multiplicative group G = G m , the local symbol map is nothing other 
than the tame symbol map (= the boundary map dp : K 2 (K) — > Ki(k(P))) 
which is given by 



(5) dp : G m (K) ® fT x -> G m (A;(P)); <? ® / ^ (_i)^U0<*(/)*' (p). 



Before the definition of our Somekawa if-groups we introduce one nota- 
tion. 

Definition 3.2. For a projective smooth curve C over k, let if = k(C) 
be the function field of C. Let G = T x A be a split semi-abelian variety 
with torus T and an abelian variety A over k. For any closed point P in C, 



/ G K\ and <? = (g',x) G T^p) x A(6 c ,p) = G(6 c ,p), let L/AT P be a 



finite unramified extension with residue field E such that T E ~ (G m ) ffin . We 
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denote by (&)!<<<„ G G m (0 L )® n the image of <?' by r(O c , P ) T(0 L ) ~ 
G m (0^)® n , where Ol the valuation ring of L. The valuation 

v P :K x ® G(6 c ,p) -^ZU {00} 

is defined by 

vp(f,g) :=v P (f(g)g):=mm{v L (d\ogfd\ogg i /g i (P)) | 1 < % < n}, 

Here gi{P) G G m (/c(P)) denotes the image of <?j under the canonical map 
& m {6c,p) G m (A;(P)). 

Definition 3.3. Let S be a finite truncation set and G±, . . . , G q split semi- 
abelian varieties over k. The Milnor type if-group K(k; Ws, Gi, . . . , G q ) 
which we also call the Somekawa K-group is given by the quotient 

/ M MM \ 

K{k; W s , Gi, . . . , G g ) := f W s ® Gi ® • • ■ ® G ff (fc) J /P 

modulo the subgroup P generated by elements of the following form: 

(WR) Let K = k(C) be the function field of a proper non-singular algebraic 
curve C over k. Put Go : = Ws. For / G K x ,gi G Gi(K), assume that 
for each closed point P in G there exists i(P) (0 < i(P) < q) such that 
<7i G Gi{Oc,p) for all i 7^ *(P)- If «(P) = 0, we further assume that Vp(f, g^) > 
—vp(g ) for all 2 7^ 0. Then 

9o(P) ® • • • ® 0p(ft(p), /) ® • • ■ ® G P. 

Pec 

Here Go is the set of closed points in G. 

We also write {x, x x , . . . , x q }E/k for the image of x <S> x\ ® ■ ■ ■ ® x q G 
Ws(P) ®Gi(P) ® ■ ■ -®G q {E) in K(k; W s , G u . . . , G q ). By multiplication on 
the first argument, K(k, Ws, Gi, . . . , G q ) has the structure of Ws(/c)-module. 
The various functorial properties of the Somekawa PJ-groups hold as stated 
in [23]: For an extension k'/k, set K(k'; W 5 , Gi, . . . , G q ) := K(k';W s ® 
fc', Gi®fc/c', . . . , G q ®kk')- The restriction map on the Mackey product induces 
a canonical homomorphism 

Resfcz/fc : W s , G 1; . . . , G q ) — ► if (A/; W 5 , G 1; . . . , G 9 ). 
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If the extension k'/k is finite, then the norm map 

N v/k : K(k'; W s , G u . . . , G q ) — ► K(k; W S ,G 1 ,..., G q ) 

is defined on symbols by N k >/ k ({x, Xi, . . . , x q } E '/k') = {x,Xi,..., x q } E '/k- 

From now on, we give some descriptions of the Somekawa K-group at- 
tached to some special family of commutative algebraic groups. 

Lemma 3.4. There exists an isomorphism 

K(k;W s )^W s (k). 

Proof. We define a map <fi : Wg(fc) — > K(k;Ws) by <p{w) := {w}k/k- This is 
surjective from the property (PF). For the algebraic closure k of k, consid- 
ering the commutative diagram 

W s (fc) ^K(k;W s ) 

p 

W 5 (fc) ^ K(k; W s ) 

we may assume k = k. The Somekawa i^-group K(k; Ws) is now the quotient 
of Ws(k) by the subgroup generated by the relations of the form (WR). By 
the trace formula (Thm. 2.6), the local symbol map satisfies T> P dp(w, f) = 
in Ws{k) for some function field K = k(C) of one variable over k,w G Ws{K) 
and f £ K x . The assertion follows from it. □ 

A/ AT 

It is known that G± <S> ■ • • (8> G q (k) = for semi-abelian varieties Gj and 
hence G±, . . . , G 9 ) = for a finite field k and g > 1 ([13]). However, 
we show the Somekawa i^-group becomes trivial for arbitrary perfect field of 
positive characteristic. This result later gives some vanishing of the additive 
higher Chow groups of varieties (Cor. 5.6). 

Lemma 3.5. Let k be a perfect field of characteristic p > 2. Let G±, . . . , G q 
be semi-abelian varieties over k for q > 0, and S a truncation set. Then 

M M M 

Ws ® G\ (g> • • • (g) G q (k) — in the Mackey product. In particular, we have 

K(k;W s ,G 1 ,...,G q ) = 
for split semi-abelian varieties G±, . . . , G q . 
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Proof. It is enough to show Ws <S> G{k) = for a semi-abelian variety G 
over k. Since the generalized Witt group is embedded into a finite product 
of the Witt groups (Prop. 2.3) and the restriction map from the product of 
the Witt groups to the generalized Witt group is surjective, the assertion is 

M M 

reduced to showing W m £g> G(k) = 0. Any symbol {w,g} E / k in W m <S> G(k) 

M M 

is in the image of the norm map N E / k : W m (g) G(E) — > W m ® G(k), without 
loss of generality, we may assume E = k and show {w,g}k/k = 0. Let 
p m : G — > G be the isogeny defined by the multiplication by p m on G. Since 
the trace maps on the Witt groups are surjective for the finite extension 
field E := k(Ker(p m : G — >■ G)) over k, there exists w G W m (E) such that 
Tr E / k (w) = w. The projection formula (PF) implies 

{w,g} k /k = {T?E/k(w),g} k/k 
= {w,f(g)} E /k 
= {w, [p m ]g} E /k 
= {p m w, g} E /k 
= 0, 

where j = j E /k '■ k E and g G G{k) such that p m (g) = g. □ 

Recall that the isomorphism ip : K(k; G m , . . . , G m j — =4 K^(k) is given 
by ^({xi, . . . , xj^/fc) = N E/k ({x 1 , . . . , xj), where N E/k is the norm map on 
the Milnor i^-groups ([23], Thm. 1.4). The inverse map (ft is <j)({xi, . . . , x q }) = 
{x\, . . . ,x q } k / k . In the same manner here we show that the Somekawa K- 
group taking the additive group G a = Wi and the multiplicative groups G m 
coincides with the space of Kahler differentials. 

Theorem 3.6. Let k be a perfect field of characteristic ^ 2. As k-vector 
spaces, we have a canonical isomorphism 

ip : K(k; G a ,'G m ,.*.,G m ) ^ fi^" 1 . 

As the Milnor i^-group K^(F) of a field F is defined by the quotient of 
F x (g) F x modulo the Steinberg relation x <g) (1 — x) for x G F x , the space 
of the absolute Kahler differential fl F := &pn = W{i}f2^ has the so called 
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Cathelineau relation xdlogx + (1 — x) dlog(l — x) =0. Precisely, a surjective 
homomorphism of F- vector spaces 

9-1 

, * > 

(6) F <g> F x <g> • • • <g F x -> O^T 1 

is defined by x (g Xi (g • • • <g) x q _i x dlog Xi • • • dlog x g _i = x dlog x\ A • • • A 
dlogXg_i where dlogx := c/x/x and its kernel is generated by elements of the 
forms ([5], Lem. 4.1, [7], Lem. 4.2): 

x (g Xi (g • • ■ (g> x g _i, with Xj = Xj for some z < j, or 
x <g> x <g> x 2 <g> • • • <g> x g _i + (1 — x) <g> (1 — x) (g> x 2 <g> • • • (g x g _i. 

Proof of Thm. 3.6. From Lemma 3.4, we may assume q > 1. Since we are 
assuming the field /c is perfect, the both sides are trivial if k has positive 
characteristic (Lem. 3.5). Hence we assume that k has characteristic 0. 
Definition of 0: Define a map 

ai G m , • • • , G 

by 0(xdlogxi • • -dlogXg-i) := {x, x\, . . . ,x q ^\} k / k . To show that the map <f> 
is well-defined, by (6) we need to show 

{x, xi, . . . , Xg_i} fc/fc = if Xi = xj for some i < j, and 
{x, x, x 2 , • . . , x q -i} k/k + {(1 - x), (1 - x), x 2 , . . . , x q -i} k/k = 0. 

Recall that the structure of a /c-vector space on the Somekawa -fT-group is 
defined by a{x, xi, . . . , x q _i}E/k = {ax, x±, . . . , x q _i}E/k for a £ k. To show 
the first equality, it is enough to show {l,xi, . . . ,x q _i} k / k = if x« = Xj 
for some i < j. The element {1, xi, . . . , x q ^x\ k i k is in the image of the 
homomorphism 

q-l q-l 

dlog : K(k;'G m , . *. , G m ) ->■ i^(/c; G a ,G m ,.^.,G m ) 

defined by {yi, . . . , y g _i}i?/fc t-> {1, y^... , y q _i} E/k . From the isomorphism 
K(k\ G m , . . . , G m ) K^^k), we have {1, x ± , . . . , x 9 _i} fe / fe = 0. For the 
Cathelineau relation (=the second equality in (7)), we may assume x ^ 1. 
Consider the function field K = k(Fl) = k(t). Take 

/ = t~ , g = t,g± = t~ 2 (t — x)(t — (1 — x)), and g k = x k for k > 2. 
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For any P ^ P^ := infinite place in K, g G 0pi p and we have 
{g(P),d P ( gi J),g 2 (P),...,g q ^(P)} k/k 

{x,X,X 2 ,...,X q - 1 } k/k , P=(t-X), 
{1 - X, 1 - X, X 2 , ... , Xg-tjk/k, P = (t - (1 - x)), 

0, otherwise. 

For P = Poo, we also have {d P (g, /), #i(P), . . . , g q -i(P)} k / k = 0. The rela- 
tion of type (WR) gives the desired result. 
Definition of ip: Now we define a homomorphism 

^ : K(k; G a , G m , G m ) -> f^." 1 

by 

ij;({x,xi, . . . , x g _i} £ /jfc) := Tr E / fe (xdlogxi • • • dlogx g _i), 

where Tr^/^ : fi^ -1 — > is the trace map (Thm. 2.4). To show that ip is 
well-defined, first consider the relations of type (PF). For a finite extension 
E 2 /Ei, and if x io G G m (P 2 ),a; G G a (Pi),£; G G m (Pi) (i ^ i ), by the 
properties of the trace map (Thm. 2.4), we have 

. . . ,x q - 1 } E2 /k) = Tr^/^xdlogxi • • -dlogx^ • ■ • dlog 

= Tr El /k ° Tr Ea/Ei dlog x x ■ ■ ■ dlog x io • ■ ■ dlog 

(*) 

= Tr Sl / fc (a;dloga;i ■ ■ - dlog N E2 / El x io ■ ■ -dlogx g _i) 

= ^({^^lj • • .,N E2 / El x io , . . . ,x q _i} El/k ). 

Here, for the third equality (*) above, we used the compatibility of the trace 
map and the norm map (cf. [16], Sect. 16) which is given by the following 
commutative diagram: 

dlog 



N 



E 2 /E 1 



E? 



dlog 



E-ii 



Similarly, if x G G a (p2) and x, G G m (Ei), we have 

^({x,xi, . . . ,x q -i} E2/k ) = Tr^/^xdlogxi • ■ ■ dlog 

= Tr El/fc o Tr E2/El (x dlog Xi ■ ■ • dlog x, 



q-lj 



Tr El/k ((Tr E2/El x) dlogxi ■ • ■ dlogx^x) 
■0({Tr E2 / El x, xi, . . . , Xq-ij^/fc). 
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Next, for the relation (WR), let K = k(C) be the function field of a curve 
C over k. Take / G K x ,g G G a (K),gi G G m (K) (1 < % < q - 1), as in 
Definition 3.3. For each P G Co, if i(P) ^ 0, then Theorem 2.5 and Lemma 
2.8 imply 

Tp({9o(P), 9i(P), • • • , d P (g i{P)j /),..., ^_i(P)} fe (p )/fe ) 

= Tr fc(P)/fc (# (P) dlog{#i(P), . . . , d P {g i{P) , /),..., # 3 _i(P)}) 

= Tr fe(P)/fe (# (P) dlog9 P ({5fi, . . . , £fg_i, /})) 

= Tr fc(P)/fc (5(o(P) dp (dlog #1, ■ ■ • , dlog^-i dlog/)) 

= Tr fc(P)/fc o 9 P (5f dlog 5-i ■ • • dlog 5^1 dlog /). 

If i(P) = 0, by the very definition, the equality dp(g dlog / dlog gi) = 
dp(go dlog / dlog gi(P)) holds. Hence we obtain 

^({dp(g , f),gi(P),..., g q -i(P)}k(P)/k) 

= Tr k (P)/k(d P (g dlog/) dlog#i(P) • • • dlog# g _i(P)) 
= Tr fc(P)/fc o d P (g dlog 5-1 ■ ■ • dlog g q -i dlog /). 

From the trace formula (Thm. 2.6), we have 

^ ( {9o( p ),9i(P), d P (g i{P) , /),..., g q -x(P)} k{P )/ k ) = 0. 
\PeCo J 

Thus ip is well-defined. 

Proof of the bijection: It is easy to see that ip o is equal to the identity 
map on Hence to show the assertion it is enough to show that is 

surjective. Take an element {x,X\, . . . ,x q -i}E/k in K(k; G a , G m , . . . , G m ). 
The trace map fi^" 1 — > fijp is defined from the trace map Tr e/u '■ E — > k 
by identifying the isomorphism E ®fc — ^p -1 (Thm. 2.4). Therefore 
Tr E /k(x dlog Xi ■■■ dlog x q -i) = Y.i T^E/k^i) dlog ^,1 ■•• dlog for some 
£i G P and z^j G fc x . The property (PF) implies the equality 

{Trp/fe 2^1, . . . , 2i, g -i}fe/fc = 2^1, • • • , Zi^-ijp/A;. 

Therefore, defining 0p : f^" 1 -> P(P; G a , G m , . . . , G m ) by £ dlog 771 •• • dlog ?7 g _i H> 
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{£, 771, . . . , V g -i}E/E we have 



0(Tr B/fc (x dlogxi • • -dlogx,_i)) 

i 

= ^2 N E/k ° 0E(^dlog^i • ■ ■ dlogZi, g _i) 

i 

= N E/k o (p E (xdhgx 1 ■ ■ -dlogz^-i) 

= {x, Xx, . . . , X q -\\E/k- 

Thus (j) is surjective and we obtain the assertion. □ 

The isomorphism E ®& ~ fig" 1 appeared in the above proof is com- 
parable to the following fact on the Milnor K- groups ([3], Chap. I, Cor. 5.3; 
see also the proof of Thm. 1.4 in [23]): For a prime number p, we assume that 
every finite extension of a field k is of degree p r for some r. Then K q M {E) 
is generated by elements of the form {x,yi, . . . , where x G E x and 

Vi e k x . 

If the characteristic of the field k is 0, we have W^f^ -1 ~ (Prop. 
2.3) and thus we obtain the following corollary. 

g-i 

Corollary 3.7. K(k; W s , <G m , . , G m ) -^W s fi| _1 . 

Proof. The left becomes trivial if the field has positive characteristic > 2 
(Lem. 3.5). It is enough to show W^f^" 1 = in this case. By Proposition 2.3 
this reduces to the well-known result W m f^ -1 = for some m ([11], Chap. 
I, Prop. 1.6). □ 

Formally, we can define the Somekawa K-group associated with plural 
number of Witt groups such as K(k; Ws x , . . . , Ws r , Gi, . . . , G q ). However 
such group becomes trivial for r > 1 by the following observation. 

Lemma 3.8. For two finite truncation sets S and T, we have 

K(k;W s ,W T ) = 0. 

Proof. From Proposition 2.3 and considering the restriction map from the 
product of the Witt group to the generalized Witt group, it is enough to show 
K{k] W m , W n ) = for some m and n. Any symbol {x, y}E/k in K(k; W m , W n ) 
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is the image of the norm map N E /k : K(E;W m ,W n ) — > K(k;W m ,W n ) of 
{x, u}e/e, hence we may assume E = k. Any element x G W m {k) is written 
as x = Y1T=q f° r Xi £ k (Lem. 2.2, (ii)). The assertion is now 

reduced to showing {^([x]), ([y])}k/k = for x,y E k. Consider K = k(t), 
f = t e K* and 9l = V l ([t]) E W m (K) and g 2 = [t/(t-x)]V>(\y]) e W n {K). 
For the closed point P = P x corresponding to the prime ideal (t — x), we have 
gi(P) = V l ([x]) and dp(g 2 dlog[/]) = V J ' ([?/]). For any closed point P ^ P x , 
Poo, we have dp(g 2 dlog[/]) = 0. For the infinite place P^, 

d P (g 1 d\og[f}) = d P (V i ([t})[t}~ 1 d[t}) 

= -d P (v i ([t])[t]d[r 1 }) 
= -dp(y i ([tf +1 )d[r 1 ]) 

( = } o. 

The last equality (*) follows from Proposition 2.5, (f). Thus the Weil reci- 
procity law implies the assertion. □ 

M M 

As noted before it is known that G\ <8> • ■ • <E> G q {k) = for semi-abelian 
varieties Gi if k is a finite field ([13]). However, even if k is a such finite field, 

M 

the Mackey product G a ® G a (k) is not trivial. In fact, we always have a 

M 

surjective map G a <g> G a (k) -» k given by {x,y} E/k i— >■ Tr^O?/). 



4 Mixed i^-groups 

For an equidimensional variety X over a perfect field /c, let CHq(X) be the 
Chow group of 0-cycles on X. Putting X E := X eg) E for an extension E/k, 
the assignments CHq(X) : P >->■ CH (X E ) give a Mackey functor by the pull- 
back j* : CH (X E2 ) CH (A Sl ) and the push-forward : CH (A £ ; 1 ) — > 
CH (As 2 ) for any finite field extension j : E\ ^ i?2 over fc (c/. [8], Chap. 1). 

Definition 4.1. Let r, g > be integers, A 1; . . . ,X r smooth projective va- 
rieties over k and G±, . . . , G q split semi-abelian varieties over k. The mixed 
K- group 

K(k; W S ,G U ..., G q , Cft (*i), ■ ■ ■ , Cn (X r )) 

is defined by the quotient of the Mackey product 

(mm m m mm \ 

W 5 ® d (g> • • ■ <8> G 9 ® CTfo(Xi) ® ■ • • ® CH (X r )(k) /R, 
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where R is the subgroup generated by the following elements: 

(WR) Let K = k(C) be the function field of a proper non-singular algebraic 
curve C over k. Put G := W s . For / £ K x ,Xj £ CH ((X,)j<-) and & £ 
Gi(K), assume that for each closed point P in C there exists i{P) such that 
Qi £ Gi(Oc,p) for all z 7^ «(-P)- Then, the element is 

^2 9o( p ) ® ' ' • ® dp(9i(p), /) ® • • • ® S'g(-P) ® sp(zi) (8) • • • <g> s P (z r ). 

PGCo 

Here sp : CH ((Xj)#) — > CH ((X,) fc (p)) is the specialization map at P 
(cf. [8], Sect. 20.3). 

This mixed .fT-group also has the structure of Ws(/c)-module. From the 
following lemma, the mixed if-group defined above associated to varieties 
Xi, . . . , X r over k is reduced to the one for the product X\ x • • • x X r . 

Lemma 4.2. For any projective smooth varieties X and Y over k, we have 
K{k- W s , G h . . . , G q , CH (X),Cn (Y)) K(k; W s , G h ..., G q: CH (XxY)). 
Proof. We may assume that q = and will show the isomorphism 
(8) V : K(k;W s ,Cn (X),Cn (Y)) ^ K(k;W s ,CH (X x Y)). 
Definition of ip: By [18], Theorem 2.2, there is a canonical isomorphisms 
: K(k;CH (X) 1 Cn (Y)) ^ K(k;CH (X x Y)) ^ CH (X x Y) 

defined by ipj* s ({x,y}E/k) '■= N E / k ((p x )*x D (py)*v), where D is the inter- 
section product, px '■ X x Y — > X, p y : X x Y — > Y are projection maps, 
and N E / k : CH ((X xY) E ) -> CH (X x Y) is the push-forward on the Chow 
groups. We denote by ip the composition 

MM M 

W s (8) CHo(X) <g> CftoOO(*0 -» W 5 <g> Cft (XxY)(A;) -» i^(Ar; W s , C%(Xx7)). 
Precisely, on symbols, the map ^ is given by 

V>({™, 2C, V}E/k) = 1p({w, {x, y} E/e\ E/k) 

= {w^E S ({x,y}E/E)}E/k 

= {w, (p x )*x n (p Y )*y}E/k- 
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Now we show the map ip vanishes on the elements of the form (WR) in the 
left of (8): K(k;CH (X),CHo(Y)). Let K = k(C) be the function field of a 
projective smooth curve C over k, f G K x , w G Ws(K), x G CKq(Xk) and 
y G CHo(Yftr). Since the specialization map is compatible with pull-backs 
([8], Prop. 20.3 (a)), for any closed point P G Co, we have 

ip({d P (w, /), s P (x), s P (y)} k{P)/k ) = {d P (w, /), (p x )*s P (x) n (p Y )* s P (y)} k{P)/k 

= {dp(w, f), s P ((px)*x n (p Y )*(y))}k(P)/k- 

Thus (WR) in K(k;W s ,CH (X x Y)) implies the assertion. 
Definition of 0: Now we define 

: K(k;W s ,CH (X x Y)) — ► K(k;W s ,CH (X),CH (Y)). 

For any finite field extension E/k, the Chow group CHo((X x Y) E ) is gen- 
erated by closed points P in (X x Y) E . The map is defined for the closed 
points P in (X x F) B by 0({w, [P]} £/fc ) := {w, {px)A p l (PY)*[P]} E /k- First 
we show this map is well-defined on the projection formula (PF): Let j : 
£i ^ E 2 be a finite extensions over k. For u> G Ws(E 2 ) and a closed point 
P in (X x y) fil , we have 

0({w, j*[P}} E2 /k) = {W, (px)*f[P], (PY)*j*[P]}E 2 /k 

= {w,j*(pxMP],j*(prMP]} Ea /k 

- {^E 2 /E 1 W, (px)*[P\, (PY)*[P]}E 1 /k 
= <P{{^E 2 /E 1 W, [P]} El /k)- 

For the equality (*), here we used the projection formula (PF) in the left of 
(8). Similarly, for w G Wg(Ei) and a closed point P in (X x Y)e 2 , we have 

<j>({j*W, [P]} E2 /k) = {j*W, (Px)*[P], (PY)*[P]}E 2 /k 

= {w,j*(p X )*[P},j*(pY)* [P] } El /k 
= {W, (Px)*J*[P]i (PY)*J*[ P }}E 1 /k 
= <f>({wJ*[P]} El / k )- 

Next, we show the map takes the elements of the form (WR) to zero in 
the target of (8). Let K = k(C) be the function field of a projective smooth 
curve C over k, f G K x , w G Ws(K), £ is a closed point in (X x Y) K . Since 
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the specialization map is compatible with push-forward ([8], Prop. 20.3 (b)), 
for any closed point P G Cq, we have 

ip({d P (w, /), s P [£]}fc(P)/fc) = {d P (w, /), (p x )*8p[£\, (PY)*s P [£}} k{P)/k 

= {d P (w, /), s P o s P o (p Y ) *[£,)} k(P)/k- 

Thus the assertion follows from (WR) in K{k\ W s , CHq(X),CH {Y)). 

Proof of the bijection: For any symbol {w, [Px], [Py]}E/k in the left of (8) 
given by closed points Px in X E and Py in Ye, put E(Px, Py) = E(P), where 
P is a closed point in (X x Y) E determined by P x and P Y , the projection 
formula (PF) implies 

{W, [P X ], [P Y ]}E/k = {TT EiP)/ EW, [P X ], [P Y }} E /k 
= {w,f[Px],[PY]}E(P)/k 

for some w e W 3 (E(P)) and j : E ^ E(P). Hence K(k; W s , CH Q (X), CH Q (Y)) 
is generated by symbols of the form {w, Px, Py}E/k, where Px and Py are 
.E-rational points. The same holds in K(k;CHo(X x Y)). Now it is easy to 
see that is surjective and ip o <f)({w, [P]}E/k) = {w, [P]} E /k f° r -E-rational 
point P in {X x Y)e- and the bijectivity follows from it. □ 

Lemma 4.3. (i) If X = Speck, then 

K(k; W s , CH (Spec k)) ^ K(k; W s ) ~ W<j(fc). 

(ii) Let k be a perfect field of characteristic p > 2. If X is a projective smooth 
curve over k with X{k) ^ 0, then 

K(k;W s ,Cn (X)) K(k;W s ) ~ W s (fc). 

Proof. The assertion (i) follows from CH (Spec i?) ~ Z for an extension 
For the assertion (ii), we consider the following split exact sequence 

->■ A (X) ->■ CH (X) Z -> 0, 

where deg is the degree map and A (X) is defined by the exactness. By 
replacing CH with A Q in the appropriate instances, we can define the mixed 

M 

K-group K(k;W s ,A (X)) as a quotient of W 5 <g> A {X)(k). Recall that Z 
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is the unit of the Mackey product. The above sequence gives a split short 
exact sequence 



K(k; W s , A (X)) -+ K(k; W s , CH (X)) -+ K(k; W s ) 0. 



i\l 



Because of K(k;Ws) — Ws(k) (Lem. 3.4), it is enough to show Ws w 
Ao(X)(k) = 0. By the assumption X(k) ^ 0, we have Ao(X) ~ Jx(k) as 
Mackey functors, where Jx is the Jacobian variety of X. Therefore we obtain 

M M 

Ws ® Ao(X)(k) ~ W§ <g) Jx(k), and the latter becomes trivial by Lemma 
3.5. □ 

Let X be a projective smooth curve over k. Consider the complex 

K 2 (k(X)) A 0fc(P) x AP 
Pex 

where d and N are defined by the tame symbols (5) as d := (Bp dp and the 
norm maps N := J2 P N k ( P y k respectively. Here, the fact N o d = is called 
the Weil reciprocity law on the Milnor i^-groups (cf. [3], Sect. 5). We denote 
by V{X) := Ker(iV)/ Im(<9) the homology group of the above complex. 

Theorem 4.4 ([23], Thm. 2.1, see also [2]). There is a canonical isomorphism 

K(k;G m ,CH (X)) ^ Coker Id : K 2 (k(X)) k(Py 

\ Pex 

Note that the cokernel on the right is often denoted by SKi(X). In partic- 
ular, if we further assume X has a /c-rational point, then the decomposition 
A (X) © Z ~ CH (X) gives an isomorphism K(k,G m , J x ) — V(X), where 
Jx is the Jacobian variety of X. 

Now, we study the analogy of the above theorem. For the projective 
smooth curve X over k, we consider the following complex 

(9) w s nl (x) -A w s (k(p)) ^ w s (k) 

Pex 

where d and Tr are defined by the residue maps d := (Bp dp and the trace 
maps Tr := J2p r ^ T H p )/ k respectively (cf. Thm. 2.6). 
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Theorem 4.5. There is a canonical isomorphism 

i; : K(k;G a ,CH (X)) ^ Coker Id : fc(P) J . 

//we further assume X(k) ^ 0, putting V(X) + := Ker(Tr)/ Im(<9) we a/so 
obtain K(k; G a , J x ) ~ 

Since the product of Quillen's .fT-theory was used in Somekawa's proof, 
our proof is based on Akhtar's rather direct proof in her thesis ([1], Thm. 
6.2.1). 

Proof of Thm. 4-5. Definition of <p: A map 

(f) : Coker(<9) -»■ K(k; G a ,CHo(X)) 

is defined by [^ p ip] \-> ^2 P {xp,jp[P]}k(p)/k- Here \JZp x p\ is t ne class in 
Coker(<9) represented by Y1p x p e ®pk(P) and [P] is the cycle in CH (AT) 
represented by the point P and jp : CH (A) — > CH (X fc (p)) is the pullback 
along (the base change to X of) j P = jk(P)/k '■ k k(P). We show that 
this correspondence is well-defined. For each closed point P in X, we have 
s p([£D = 3p[P]> where [£] G CH (X fc(X )) is the cycle on X k(X ) arising from 
the generic point £ in X, ([8], Sect. 20.3) For any /dlogg G QL X) (/ G 
and a G k(X) x ), 

<f>(d P (f dlogg)) = {d P (f dlogg), j P [P]} K p )/k 

= {dp(f,g),sp([£])}k(p)/k- 

Therefore the condition (WR) on the mixed i^-group (Def. 4.1) asserts that 
the map is well-defined. 

Definition of ip: The map 

i) : K(k;G a ,CH (X)) -> Coker(<9) 
is given from the following diagram (c/. [4], Sect. 1): For each finite extension 
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E/k, 

E (g) CH.q(Xe) -0 

i 
i 

Y 

- Coker(d E ) 

i 
i 

Y 

— Coker(<9) -0. 

Here the left vertical map E ® E(X) X — > fi^pn * s given by x ® f >->■ x dlog / 
and the commutativity follows from Lemma 4.6. More precisely, for x G E 
and Q G (Xb) , we have 

if)({x, [Q]} E /k) = Tr £{ Q )/fc{P) (x) at P G X , 

where P = jE/k{Q) the image of Q by j^/it : -Xs — > X. We show that if) 
is well-defined. For any finite extension j = ]e 1 /e 2 '■ E\ E2 over k, take 
x G Ei and a closed point Q 2 in X B2 . Then, j*^] = [EiiQi) ■ Ei(Qi)][Qi], 
where Q\ is the image of Q2 in X El . We obtain the following equalities 

^({s, [<52]}E 2 /fc) = Tr B2( Q 2)/fc(P) (x) 

= [P 2 (g 2 ): J E; 1 (g 1 )]Tr £l(Ql)/fc{ p ) (x) 

= ^({x,j;[g 2 ]}). 

On the other hand, we assume that x G E2, Qi G (XeJo- Here the pull- 
back j*[<5i] is defined to be the fundamental cycle of the inverse 
image t\Qi)- Denoting by \j-\Qx)] = Eq^qIQ) G CR (X E2 ) and P = 
jEj/kiQi), we have 

^({^J*[<3]K/it) = ^2m Q ip{{x, [Q]} E2 / k ) 
Q 

= ^2 m Q TT E 2 (Q)/k(P)(x) 
Q 

= T^E 1 (Q 1 )/k(P)oT^E 2 /E 1 (x) 
= 1p({ r ^E 2 /E 1 (x), [Ql]} El /k)- 

As a result, the map ip vanishes the elements of the form (PF) and this gives 

M 

if) : G a <g> Cn {X)(k) -> Coker(<9). Next we consider the relation (WR). Let 



E®E{Xy 



Q£(x E )o 



E- 



O 1 

lL E(X) 



<~>E 



Tr 



E{X)/k{X) 



lL k(X) 



®Qe(x B ) E (Q) 
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K = k(C) be the function field of a projective smooth curve C over k. For 
/ G K x , g G K and £ a closed point in X^, our claim is now 

(10) J2H{dQ(gJ),s Q m)}k( Q )/k) = o. 

QeC 

To show this claim, first we assume that K(£) = K, that is the given closed 
point £ is a irrational point of Xk- Under this assumption, for each closed 
point Q in C, the valuative criterion for properness gives the diagram 

Spec K — ^ X K -* X 

Spec k(Q) *- Spec Oc,q *- Spec k. 

The composition Spec K -4 Xk — > X extends uniquely to n : C — > X. The 
specialization is now sq([£]) = (jq)*[-P] in CHo(Xk(Q)), where P = ir(Q) and 
]q : k <->• k(Q) (cf. [18], (2.2.2)). If the image of £ in X gives a closed point 
Pq in X, then n is a constant map; P = ir(Q) = Pq for any Q G C and thus 
the curve C is defined over k(P ). We obtain 

QeC 

= J2^{d Q (gj),(jQr[p}}k( Q) / k ) 

QeC 

= I Y Tl k(Q)/k(p Q )d Q (g dlog/) ) at P e ^o- 

\Qec / 

The trace formula for C over fc(Po) (Thm. 2.6) gives the claim. On the other 
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hand, when the image of £ is the generic point of X, we have 

Yl ^({ 9 Q(2>/)> s Q([£D}fc(Q)/fc) 
QeC 

= J2^ d Q^j),(3Qr[p]}k {Q)/ k) 

Q&C 

= ^ ( Tr fc(Q)/fc(P) °dQ(gd\ogf) at P = tt(Q) g X ) 

QeC 

= J] X Tr fc( Q )/fc{P) o9Q(^dlog/) 
Pex qgtt-^p) 

- X ^ oTr fc(C)A(^)(^ dl °g/) 

PGX 

= do Tr k ( C )/k(x) (9 dlog /) 
= in Coker(<9) . 

Here, the equality (*) follows from Lemma 4.6 below. 

Next, we show the claim for arbitrary £ G (X^)o. Then i^' := K(^) is 
a finite extension over K. Let C" be the regular proper model of K' . The 
specialization map on the Chow groups has the following functorial property: 
For each Q G C , 

e(Q'/Q)s Q , 

CR (X K i) ^ (-J^) CH (X fc (Q/)) 

Q'eC'o, Q'\Q 

(Jk'/k)* iJ2Uk(Q<)/k(Q))* 

CH (X^) »- CH (X fc (Q)), 

where e(Q'/Q) is the ramification index of Q' over Q ([8], Sect. 20.3). De- 
noting by £' the closed point in Xk> which is determined by £, we have 

S QW = s Q° ti K'/k) *([£']) = Yl e (Q'/Q)jk(Q')/k(Q) o SQ, ([£']). 

Q'\Q 
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The projection formula (PF) and Lemma 2.9 implies 

k{Q)/k 

QeC 

= Yl J2 e (Q'/Q){ d Q(9J)AMQ')MQ))* s Q'(^'})}k(Q)/k 

Q£C Q'\Q 

= J2 {<Q'/Q)d Q (gJ),s Q ,([e])} km/k 
= {dQ'(gJ),s Q/ ([^])} km/k . 

Q'&C 

Therefore, the claim is now reduced to the case treated before. 
Proof of the bijection: It is easy to see that ift o (j) — Id and thus we show the 
map is surjective. For any symbol {x, [Q]}E/k with a closed point Q of Xe, 
take y G E(Q) such that Tr e(q)/e(v) — x - By the projection formula (PF), 
we have {x, [Q]} E /k = {y, 3*e{q)/e[Q\}e{Q)/e- Hence we reduce to the case 
E(Q) = E. In this case E(Q) = E, denoting P := jE/k{Q) the closed point 
in X determined by the image of Je/u '■ X, the surjectivity follows 

from the following equalities 

4>([Tr E / k (p)(x)}) = {TrE/k(p)(x),fp[ p ]}k(P)/k 



{xJE/k(P)°Jpl P }}E/k- 



□ 



With slight modification of the proof of the trace formula ([16] Thm. 17.6) 
we show that the residue map in our sense commutes with the trace maps. 

Lemma 4.6. Let C — > C be a dominant morphism of smooth projective 
curves over k. If we fix a closed point P of C, we have the following com- 
mutative diagram: 



* L k(C) 



Tr 



k(C')/k(C) 



p'\p 



n 



dp 



k(C) 



E Tr fc(p')/fe(p) 

k(p), 



where P' runs through all points in C lies above P. 
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Proof. Considering the completion k(C')pi and k(C)p we have 



O 1 



"fe(C') P , 



Tr 



k(C')/k(C) 



Tr 



k(C') p ,/k(C)p 



k(C) 



o 1 



This carries over to the local situation. Let k'/k be a finite separable ex- 
tension and consider the local fields K' = an d K = k([t]). Now 
i^ ur = &'((£)) is the maximal unramified extension in K' over K. Since any 
element w G is written as 



to 



E 



for some Oj G 6j G A/, we have 

d K (Tr K u I/K (uj)) = Tr k , /k (b ) = Tiv/k o d K ^(u;). 

Thus we may assume that k — k' and hence K ur = K. We denote by k 
an algebraic closure of k. By the very definition, for any u G Q l K i, we have 
Res^/(a;) = Res^^tw) and the trace map is compatible with base change 

T r fc((t'))/fc((T)) ( u ) = ^kdt'jf/kdt))^)- We further reduce to the case k = k. In 
this case the residue map 8k and the residue map Resx coincide and the 
required assertion is well-known ([16], Thm. 17.6). □ 



For any finite truncation set S, by the same manner as in the above proof 
we can show the existence of the surjection 



M 



cn (x)(k) 



Coker d : 



W S (A:(P)) ) 



using Lemma 4.6. Denoting by Vs(X)~ 
obtain 



p&x J 
Ker(Tr) / lm(d) as above, we 



M 

W s ®A {X){k) 
i 
t 



M 



■W s ®CH (X)(k) 



W s (fc) 



v s (xy 



Coker (<9) 



Tr 



0. 
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From Lemma 4.3, we obtain W5 (g> Ao(X) — if k has positive characteristic 
and this gives the following corollary: 

Corollary 4.7. If k has positive characteristic > 2, then we have Vs(X) + = 
0. In other words, the sequence (9) is exact. 

5 (Additive) higher Chow groups of schemes 

Fix a field k as a base field. Let X be a scheme of finite type over k. 
Set D q := (P 1 \ {l}) g and we use the coordinates (yi, . . . ,y q ) on D q . The 
subscheme of D q defined by equations — £1, . . . , yi s = e s for Ej G {0, 00} is 
called a face of D q . For e G {0, 00} and i — 1, . . . , q — 1, let tg )i)£ : d 9-1 ->■ D 9 
be the inclusion defined by (j/i, . . . , h^> (yi, . . . , e,yi,..., y g -i). For 
an integer g > 0, let z p (X, g) be the free abelian group on integral closed 
subschemes Z of X x of dimension p + g that intersect all faces of d q 
properly. For each i and e, let <9^ := Idx x Ci, e -The above condition assures 
that dl(Z) is in z (X, g — 1), for a generator Z in z p (X, q) and z (X, *) is a 
complex with boundary map 

ih(-md? - fl?) : z p (X, g) -> z p (X, g - 1). 
i=i 

The higher Chow complex z p (X, *) is z p (X, *) modulo the complex consists of 
the degenerate cycles, that is the cycles onlxD' pulled back from cycles on 
X x D 9 " 1 by a projection X x D q — > X x D 9-1 of the form (x, y±,. . . , y q ) h-^ 
(x, j/i, . . . , y k -i, Vk+i, ■■■,V q ) for some k. The homology group 

CH p (X,g) :=H q (zj,{X,*)) 

is called the higher Chow group of X. If the scheme X is equidimensional 
of dimension d over fc, we write z p (X, q) := z d _ p (X,q) and CW(X, q) : = 
H q (z p (X, *)). The higher Chow groups have a functorial properties induced 
from the proper push-forward, and the flat pull-back of cycles. For two 
schemes X, Y of finite type over k, one can construct the external product 

H : z p (X, *) <g> z r (Y, *) -»■ z p+r (X x F, *). 

On integral cycles it is defined by Z M W := t*(Z x W) where r : X x D p x 
Y x n r — y X x Y x n\P +r is the exchange of factors. On homology groups, 
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M induces the external product 




(11) B : CH p (X, q) <g> CH r (y, s) -> CH p+r (X X Y, q + s). 

Here we list some calculations of higher Chow groups. First there is a natural 
isomorphism CH P (X, 0) ~ CW(X) where the later is the ordinary Chow 
group. Put CH p (k,q) := CH p (Spec(/c), q) by convention. In this case we 
have 

Theorem 5.1 ([17], [24]). 

CW(k,q) - 

On 0-cycles the results relevant here are the following: 

Theorem 5.2 ([2], Cor. 7.1). If X is a smooth quasi-projective variety over 
a finite field k of dimension d, we have CH d+g (X, q) — for q > 2. 

Next we recall the additive higher Chow groups. Let 

B q := A 1 x O 9 ' 1 C B q := A 1 x (P 1 )^ 1 . 

We use the coordinates (t,y 1 , . . . , y q -i) on B q . The subscheme of B q defined 
by equations y ix = £i, . . . ,y is = e s for Sj G {0, oo} is called a face of B q . 
For e G {0, oo} and i = 1, . . . , q — 1, let L q)i<e : B q ^\ — >■ S g be the inclusion 
defined by (t, y 1} . . . , j/,_ 2 ) ^ (*, j/i, . . . , 2/«_i, e, j/i, ■ ■ ■ , 2/ g - 2 )- On 5, let 
be the Cartier divisor defined by yi — 1 and -F qj0 the Cartier divisor defined 
by t = 0. Let m be a positive integer. Define Tz p (X, 1; m) to be the free 
abelian group on integral closed subschemes Z of X x A 1 of dimension p such 
that Zfl (X x {0}) = 0. For an integer q > 1, Tz (X, g; m) is the free abelian 
group on integral closed subschemes Z of X x B q of dimension p + q — 1 
satisfying the following conditions: 

(Good position) For each face F of B q , Z intersects X x F properly. 

(Modulus condition) Let it : Z N — y X x B q be the normalization of the 
closure of Z in X x B q . Then 

(m + 1)tt*(X x F qfi ) < sup vr*(X x F qi ) 

l<i<q-l 
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as Weil divisors. Here, for Weil divisors Di, . . . , D q on a normal variety, 
supj Di is the Weil divisor defined by 

sup Dj := \ I max ovdv(Di) ) [V]. 

Ki<q . V<i<Q J 

— V: prime divisor ' 

(For the other similar conditions on modulus, see [15]). 

For each i and e, let d\ := Idx XL q ,i, £ - The above conditions assure df(Z) 
is in Tz p (X, q — 1; m), for a generator Z in Tz p (X, q; m). The boundary map 
is given by 

g-i 

]T(-iy («9r - 9?) : Tz p (X, q; m) Tz p (X, g - 1; m). 
i=i 

The additive cycle complex Tz p (X m) is the nondegenerate complex asso- 
ciated to Tz (X, *, m). Its homology group 

TCH p (X, g; m) := H,(Tz p (X, *; m)) 

is called the additive higher Chow group of X with modulus m. If the 
scheme X is equidimensional of dimension d over k, we write Tz p (X, g; m) := 
Tz d+1 _ p (X, g; m) and TCW(X, g; m) := H q (Tz p (X, *; m). The additive higher 
Chow groups have a functorial properties as projective push-forward, and the 
flat pull-back. For two equidimensional schemes X, Y of finite type over k, 
one can construct the external product 

E3 : z p (X, *) <g> Tz r (Y, *; m) -»■ Tz p+r (X x Y, *; m). 

On integral cycles it is defined by Z M W := t*(Z x W) where r : X x D p x 
YxB r ^-XxYx B p+r is the exchange of factors. On homology groups, M 
induces the external product 

M : CH p (X, q) ® TCH r (F, s) -> TCH p+r (X x Y,q + s). 

For the case X = Y and if we assume that X is smooth and projective variety 
over k, by composing the pullback along the diagonal map (more precisely, 
see [14], Thm. 4.10) we obtain the intersection product 

n : CH p (X, q) <g> TCH r (X, s; m) -> TCH p+r (X, q + s; m) 
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which is compatible with flat pull-back and satisfying the projection formula: 
f*{f*{x) H y) = x H f*(y) for / : X — > Y a morphism of smooth projective 
varieties over k. If / is flat, we also have D f*(y)) = f*(x) D Putting 
TCH p (A;,g;m) := TCH p (Spec(/c), g; m) by convention we also have the fol- 
lowing theorem. 

Theorem 5.3 ([19]). 

TCR p {k,q;m) 



p> q, 

ra"t ) 



w m nr\ P = g 



if the field k has characteristic ^ 2. 



For an equidimensional variety X over k, putting Xe '■= X <g> E the 
assignments 

CH P (X, q):E^ CH P (X S , q) and TCU P (X, q;m) : E ^ TCB P (X E , q; m) 

give Mackey functors respectively. Let a, ai, . . . , a q be integers, b, m positive 
integers and b±,...,b q non-negative integers. For smooth projective vari- 

M 

eties X, Xi, . . . , X q over a field k, we consider the product TCH a (X, b; m) ® 

M M 

Cn ai (X 1 ,b 1 ) (8) ••■ (g) CH aq {X g ,bq)(k) as Mackey functors. For any finite 
field extension E/k, let a := a + Yli a i anc ^ P '■= b + YliM- We define a 
homomorphism 

M M M 

i) : TCU a (X,b;m) <g> Cft 0l (*i,&i) ® ■ ■■ ® CH aq (X q , b q )(k) 
— > TCR a (X x X x x • ■ • x X q , /?; m) 

by the intersection products 

. . . ,x g } s / fe ) := Tr £/fc (p*(xi) fl ■ • • np*(i,) Dp*(x)), 

where Tr^ := j* is the pullback along j : Spec(i£) — > Spec(fc) and p and 
Pi are the base change of the projection from X x X\ x ■ ■ ■ x X q to X and 
Xi respectively. From the projection formula, the map ip is well-defined. We 
show the surjectivity of ip on 0-cycles: 

Theorem 5.4. Let d and di be the dimension of X and Xi respectively. The 
map ip is surjective on a = d + b and a« = di + b\. 
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Proof. By [18] (2.4.4), the intersection product as above gives an isomor- 
phism 

K(t,cn di+bi (x 1 ,b 1 ),cn d2+b2 (x 2 ,b 2 )) ^ cH di+d2+h+b2 (x 1 x x 2 ,b 1 + b 2 ). 

Thus the composition with the canonical map 

C'H bl+dl (X 1 ,b 1 ) R ic'H d2+b2 (X 2 ,b 2 )(k) -» K{k;Cn dl+bl {X 1 ,b 1 ),Cn d2+b2 {X 2 ,b 2 )) 
induces a surjection 

Tcu d+b (x,b) I cu bi+d ^x u h) ® cn d2+b2 (x 2 ,b 2 )(k) 

— » TCH d+b (X, b) ® cn d 1+ d 2+bl +b^ Xi x &i + 
Hence it is enough to show the case q — 1: the surjection 

^ : rcn d+b (x,b) § CH b ' +d \x\b'){k) — » tch 5+/3 (x x x',/3), 

for projective smooth variety X' over /c of dimension d', where 5 := d + d' 
and /3 := b + b'. The group TCH' 5+/3 (X x X',/3;m) consists of 0-cycles on 
X x X' x P^. Take a closed point P : Spec(/c(P)) -} I x ^ x B ? as a 
generator and show the cycle [P] is in the image of ip. By the definition of i/j, 
the trace map on the additive Chow group and the norm map on the Mackey 
product are compatible as in the following commutative diagram: 

TCH d+b (X k(P) ,b) A ScH b ' +d '(X' k{Ph b')(k(P))^TCU 5+ P((X x X% P) ,P) 



N k(p)/k 



Tr fc(p)/fe 



rcn d+b (x,b) A icH b ' +d '(x',b')(k) 4 - — ^tch 5+/? (x x x',p), 

Thus to show the surjectivity of ip we may assume that P is a /c-rational 
point. The point P is determined by the closed points Px '■ Spec k — >■ X x Bb 
and Px' : Spec A; — > X' x □ b ' satisfying r*(Px x Px:') = P, where r : (X x 
P b ) x (X' x D 5 ') — >• X x X' x P^ is the exchange of factors. This gives cycles 
[Px] on TCH d+b (X,b;m) and [P X /] on CH d ' +6 '(X', &')■ Therefore denoting 
by p' : X x X' — > X' the projection map, we have 

rK{[Px],[Px*]h/k) 

= (p'T([Px'})np*([Px}) 

□ 
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By identifying C%\k,l) ~ G m and TCH\k,l;m) ~ W m as Mackey 
functors one can relate the mixed -ft"-group defined in the last section. 

Corollary 5.5. We have surjections 

9-1 

, A « 

M M M M , ib , , 

W m <8> G m <g> • • • ® G m (8) CU d {X){k) — » TCH d+ "(X, g; m) 

-t» W m , C^ d (X)). 

Proof. The former surjection ^ is given by Theorem 5.4. 

Definition of (f>: The group TCYL d+q (X, q;m) is generated by classes [P], 
where P : Spec fc(P) — >• X x P g is a closed point. It is determined by the 
closed points P : Spec k(P) -)• A 1 , P : Spec fc(P) — >■ D 1 (1 < i < q - 1) and 
Px : Specfc(P) — >■ X. Identify the point Pq with corresponding element in 
G a (k(P)) and do the point P; with the element in G m (k(P)) . The map 

<f> : TCH d+ «(X, g; m) -> W m , G m , . . . , G m , CH (X)) 

is defined by sending [P] to {[P ], Pi, . . . , P g _i, [Py]}*(P)/A, where [P ] is the 
Teichmiiller lift of Po G G a (/c(P)). We have to check that the boundary of a 
1-cycle Tz d+q (X, q + l;m) maps to in the Somekawa K-group. It suffices 
to consider an irreducible curve C G Tz d+q (X, g + 1; m) that is an irreducible 
curve C C X x B q+1 in good position. The inclusion C "-^ X x P 9+ i is 
defined by maps /„ : C ->■ A 1 ^ P 1 , /■ : C -> D 1 M> P 1 (1 < % < q) and 
g : C — > X. By the very definition of Tz d+q (X, q + 1; m) at most one of 
(1 < i < g) takes a value in or oo for any closed point P G C. Define 




i, if there exists i such that /«(P) G {0, oo}, 
1, if no such an index exists. 



Then 

<p o d{C) 

= {-1) i{P) ~ 1 vpUkp))^HP) x A(P) x • • ■ x forfP) x • ■ ■ x / ff (P) x 0(F)) 
Pec 

= £ (-l) i(P) -V(/i(P)){[/o(P)], /i(P), • • • , • • • , / ff (P), *P(W)}*(P)/Jb- 

Pec 
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Here we denote by r] : Spec k(C) — > C A X. Taking the normalization of C, 
by the projection formula (PF) we may assume that C is smooth. Now we can 
extend the maps fi and g to the smooth compactification C of C uniquely. 
For any closed point P in the boundary C \ C there exists 1 < j < q such 
that fj(P) = 1 ([2], Lemma 6.6). Putting, for any P e C , 



0, if P e C s C, or i(P) = g, 
i(P), otherwise. 

The above o 9(C) can be written uniformly as 



^ {[/o(p)], h(P), . . . , /,), . . . , f q -i(p), sp([v})} k{P)/k . 

Hence the Weil reciprocity law (WR) implies <j) o d(C) = 0. By the construc- 
tion of the map is surjective. □ 

From Lemma 3.5 for a perfect field k of positive characteristic we obtain 
the following vanishing results. 

Corollary 5.6. If k is a perfect field of positive characteristic, we have 
TCH d+q (X, q; m) = for q > 2. 

Further assume X = Spec(fc), then CH°(A;) ~ Z is a unit of the product 
of Mackey functors and thus the surjections 

, * v 9-1 



(12) W m ® G m ® ■ ■ • <g> G m (k) — » W m n|- — » K(fc, W m , G m , . . ^GJ. 
give (a part of) an alternate proof of Corollary 3.7. 
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